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Is Lorentz symmetry exact?

• Explore departures from LS

• Explicit violation of LS incompatible with 
general relativity

• Consider spontaneous LS breaking: 
the action is Lorentz invariant (and generally 
covariant),
but the vacuum is not
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Sigma-model 

SO(3, 1)/SO(3)

preserve spatial isotropy

VµV µ = M2

Einstein-aether T. Jacobson, D. Mattingly (2001)

S =
∫

d4x
[
−α1∂µV ν∂µVν − α2(∂µV µ)2

−α3ε
µνλρ∂µVν∂λVρ − α4V

µ∂µV νV λ∂λVν

+λ(VµV µ −M2)
]
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Requires UV completion: Λ ≤M

2d toy-models may be useful: better quantum 
properties

ψ

α

d > 2

S =

∫
d2x

(
− α1∂µV ν∂µVν − α2∂µV µ∂νV

ν

− α3∂µV µενλ∂νVλ + λ(V µVµ − 1)

)

violates parity

ψ

α

d > 2

S =

∫
d2x

(
− α1∂µV ν∂µVν − α2∂µV µ∂νV

ν

− α3∂µV µενλ∂νVλ + λ(V µVµ − 1)

)

VµV µ = 1

C. Eling, T. Jacobson (2006)
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S =

∫
dx+dx−

1

g2

{
∂+ψ∂−ψ +

β(+)

2
(∂+ψ)2e2ψ +

β(−)

2
(∂−ψ)2e−2ψ

}

ψ(x+, x−) "→ ψ(eγx+, e−γx−) + γ

ψ

α

d > 2

S =

∫
d2x

(
− α1∂µV ν∂µVν − α2∂µV µ∂νV

ν

− α3∂µV µενλ∂νVλ + λ(V µVµ − 1)

)

VµV µ = 1

V ± = 1√
2
e±ψIntroduce “rapidity” field:

S =

∫
dx+dx−

{
1

g2∂+ψ∂−ψ +
β(+)

2g2 (∂+ψ)2e2ψ +
β(−)

2g2 (∂−ψ)2e−2ψ

}

ψ(x+, x−) "→ ψ(eγx+, e−γx−) + γ

• Lorentz symmetry is realized non-linearly:

• Renormalizable by power-counting

Work in light-cone coordinates x± =
1√
2
(t± x)

g2 =
1

2α1 + α2

β(±) =
−α2 ± α3

2α1 + α2
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One-loop RG flow
does not rung2

dβ(±)

d log Λ
= −

g2β(±)

π
√

1− β(+)β(−)

• In UV:                            theory flows to the 
free Lorentz invariant limit

• In IR: three cases 

,       :  ++,  +0,  +-

S =

∫
dx+dx−

1

g2

{
∂+ψ∂−ψ +

β(+)

2
(∂+ψ)2e2ψ +

β(−)

2
(∂−ψ)2e−2ψ

}

ψ(x+, x−) "→ ψ(eγx+, e−γx−) + γ

β(+)

β(−)

S =

∫
dx+dx−

1

g2

{
∂+ψ∂−ψ +

β(+)

2
(∂+ψ)2e2ψ +

β(−)

2
(∂−ψ)2e−2ψ

}

ψ(x+, x−) "→ ψ(eγx+, e−γx−) + γ

β(+)

β(−)

β(±) → 0
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One-loop RG flow

β(+) = β(−) = β

dβ

d log Λ
= − g2β

π
√

1− β2

β(−) = 0

β = 1Infrared pole            at finite scale            strong 
coupling in IR 

No physical running: change of       is compensated 
by the shift of 

β
ψ
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One-loop running

vL = −β +
√

1 + β2

g2

dβ

d log Λ
= − g2β

π
√

1 + β2

In IR 

dκ
d log Λ

=
κ3

2π

β → 0

β →∞

vL = −β +
√

1 + β2

g2

dβ

d log Λ
= − g2β

π
√

1 + β2

S =
1

2κ2

∫
dx+dx−

[
(∂+ψ)2e2ψ − (∂−ψ)2e−2ψ

]

κ2 = g2/β

vL = −β +
√

1 + β2

g2

dβ

d log Λ
= − g2β

π
√

1 + β2

S =
1

2κ2

∫
dx+dx−

[
(∂+ψ)2e2ψ − (∂−ψ)2e−2ψ

]

κ2 = g2/β
dκ

d log Λ
=

κ3

2π

β → 0

β →∞

theory flows to a weakly coupled point

β(+) = −β(−) = β
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Propagation of signals

v2 =
1− β

1 + β

β(+) = β(−) = β

Fix background ψ = 0

t

x
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Propagation of signals

β(−) = 0

vL =
β − 2
β + 2

vR = 1

t

x
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Propagation of signals

β(+) = −β(−) = β

vL = −β +
√

1 + β2 vR = β +
√

1 + β2

t

x

The right-moving mode is superluminal
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Restoration of Lorentz invariance
No spontaneous breaking of continuous symmetries in 2d

N.D. Mermin, H. Wagner (1966)
S. Coleman (1973)

Average over classical vacua. 

Example: 2d ferromagnetnmat1325-f3.gif (GIF Image, 350x767 pixels) http://www.nature.com/nmat/journal/v4/n3/images/nmat1325-f3.gif
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Figure 5: The net magnetization is averaged out to zero at long distances in a two-dimensional ferromag-
netic. Nevertheless, a perturbative description in terms of small excitations around symmetry breaking
configurations is appropriate for many local questions.

varying background part and fast fluctuations. Then, contributions of the latter into the path
integral can be evaluated using the perturbation theory in the background of the smooth part.
The subsequent integration over the slow modes can be considered as a sort of “averaging” of the
perturbative Green’s function over all possible backgrounds. This “averaging” leads to restoration
of the symmetry at large distances. Nevertheless, the properties of the short distance physics are
captured to large extent by perturbation theory around the symmetry breaking background, cf.
[31]. Thus one concludes that when describing the system (9) at short time and distance scales
one can use perturbation theory around some particular value of V + and, as a consequence, the
constant x+ surfaces provide a well-defined set of Cauchy slices. Roughly, at long distances one
should “average” over all possible configurations of V + , but as x+ is a good time variable for
every individual background V +, this should remain the case after making the “average”.

It is worth discussing the physical meaning of the CMW result also from the point of view of the
canonical quantization. In the context of condensed matter systems one may think, for instance,
about ferromagnetic material. Then, performing a detailed measurement, one finds locally at each
point of space a spin pointing in some direction (see Fig. 5). The CMW statement is that in two
dimensions, when one describes the physics of such a system at long distance scales, fluctuations of
spins lead to “averaging” of the local spins over all possible directions and result in restoration of
the symmetry. Similarly, in the context of the Minkowski space field theory, long range quantum
fluctuations result in the symmetry restoration when one considers asymptotic quantities such as
the S-matrix elements. On the other hand, the quantum theory retains many properties of the
classical description which operates with the notion of a given field configuration. In particular,
in what follows it will be important for us that the quantum theory inherits the causal structure
of the classical one (see [25] for a recent discussion).

With these comments in mind let us proceed to the inspection of the model (14). One notices
that the constant shift of the Goldstone field ψ → ψ + γ changes the ratio β(−)/β(+) by an
arbitrary positive multiplicative factor, so it is only the product β(+)β(−) which has a physical
meaning. There are four different cases to consider:

13

t

x

Figure 6: For β(+) = −β(−), depending on the value of ψ, the left-mover can propagate in any direction
inside the future light cone and the right-mover can propagate in an arbitrary direction in the right
space-like region.

3.1 β(+) = −β(−) ≡ β

This choice of parameters explicitly breaks the spatial parity x #→ −x. The light-cone Hamiltonian
(17) is positive-definite in this case and is minimized at the classical level by configurations ψ =
const. We will see shortly that this theory naturally obeys the x+-ordered causal structure.
However, to make a comparison with the conventional approach more transparent let us see what
happens if one tries to use t and x as the time and space variables. Let us fix the perturbative
vacuum ψ = 0. Around this vacuum one finds two modes: left and right movers, with dispersion
relations,

ωL,R = vL,RkL,R . (18)

As a result of parity breaking the two propagation velocities are not equal,

vR = β +
√

1 + β2 , vL = −β +
√

1 + β2 . (19)

Importantly, the right-moving particle propagates superluminally, while the left-moving one sub-
luminally. Taking a different value of ψ is equivalent to looking at this situation from the point of
view of a boosted observer. By choosing an appropriate value of ψ one may obtain a left-mover
propagating in an arbitrary direction in the future light cone. Similarly, with an appropriate
value of ψ on can obtain a right-mover propagating in an arbitrary direction in the right space-
like region (see Fig. 6). Of course, for large enough value of ψ the right-mover propagates back
in the Minkowski time t, indicating that the well-defined time variable is actually x+ rather than
t. Using again the intuition that the true long distance correlators can be thought of as a result
of “averaging” over different perturbative vacua, we see that the retarded Green’s function of the
theory is non-zero in the whole region4 x+ > 0. Thus, this theory enjoys the x+-ordered causal

4Note that as a result of the “averaging” one expects the complete Green’s functions of the system to be Lorentz-
invariant, in spite of the fact that the perturbative modes have Lorentz-violating dispersion relations (18). This is
somewhat analogous to the situation in QCD where the asymptotic states are colorless in spite of the fact that the
short distance dynamics is described by colored quarks.

14

Superliminal Einstein-aether

Instead of spontaneous LS breaking a Lorentz invariant 
model with superluminal propagation
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Lorentz invariant causal structure: 

ψ

α

d > 2

t

x

y

future

past

causally 
disconnectedcausally 

disconnected
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Lorentz invariant causal structures: 2d

x- x+
future

futurepast

past

t

x

future

past

causally 
disconnected

causally 
disconnected

Hx+ =
∫

dx−
β

2g2

[
(∂+ψ)2e2ψ + (∂−ψ)2e−2ψ

]
Positive-definite Hamiltonian for evolution along x+
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Hints at integrability:   β(−) = 0

S =
∫

dx+dx−
1
g2

[
∂+ψ∂−ψ +

β

2
(∂+ψ)2e2ψ

]

ψ(x+, x−) !→ ψ(f(x+), g(x−))− 1
2

log f ′(x+) +
1
2

log g′(x−)
• symmetry:

f =
ax+ + b

cx+ + d
arbitrary

N.B. half of conformal symmetry

• Infinite number of integrals of motion

q = (∂−ψ)2 − ∂2
−ψ − β

2
∂−∂+ψ e2ψ

∂+q = 0

• General classical solution

• Renormalizable by normal ordering
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Hints at integrability: general case  

2∂+∂−ψ + β(+)

(
∂2
+ψ + (∂+ψ)2

)
e2ψ + β(−)

(
∂2
−ψ − (∂−ψ)2

)
e−2ψ = 0

Equation of motion:

equivalent to zero-curvature condition:
[∂+ + V, ∂− + U ] = 0

U = σ+ +
1

λ− λ+
e−aσ−

(
λ2

+σ+

λ+ − λ−

)
eaσ− +

1
λ− λ−

e−bσ−

(
−λ2

−σ+

λ+ − λ−

)
ebσ−

V =
1

λ− λ+
e−aσ−

(
λ+sσ+

λ+ − λ−

)
eaσ− +

1
λ− λ−

e−bσ−

(
−λ−sσ+

λ+ − λ−

)
ebσ−

a = −∂−ψ + λ−∂+ψe2ψ b = −∂−ψ + λ+∂+ψe2ψ s = e−2ψ

β(+) =
−2λ+λ−
λ+ + λ−

β(−) =
−2

λ+ + λ−

σ+ =
(

0 1
0 0

)

σ− =
(

0 0
1 0

)
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Coupling to gravity
Start from the Einstein-aether form of the action

dκ
d log Λ

=
κ3

2π

β → 0

β →∞

Sgr = − 1

2πκ

∫
d2x
√
−g

(
R + µ2

)
+SEA(gµν, Vµ)

S̃EA(φ, ψ) =
1

g2∂+ψ∂−(ψ−φ)+
β(+)

2g2 e2ψ−φ(∂+ψ)2+
β(−)

2g2 eφ−2ψ (∂−(ψ − φ))2

Fix conformal gauge              Einstein-aether sector 
contributes to the Liouville action as a single scalar boson

+ explicit coupling to the Liouville field 

S = S̃EA(φ, ψ) + SL(φ) + . . .

φ

dκ
d log Λ

=
κ3

2π

β → 0

β →∞

Sgr = − 1

2πκ

∫
d2x
√
−g

(
R + µ2

)
+SEA(gµν, Vµ)

S̃EA =

∫
d2x

{
1

g2∂+ψ∂−(ψ−φ)+
β(+)

2g2 e2ψ−φ(∂+ψ)2+
β(−)

2g2 eφ−2ψ (∂−(ψ − φ))2
}
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Prospects

• Toy models for issues related to causality 

Weak coupling to ordinary (massive) fields 

         apparent “a-causal effects” 

• Toy models for extraction of information 
from black holes

Sχ =
∫

d2x

(
∂+χ∂−χ− m2χ2

2
+

γ(+)

2
(∂+χ)2e2ψ +

γ(−)

2
(∂−χ)2e−2ψ

)
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Prospects: more ambitious
Consider EA as (a part of) world-sheet action of a string

S = S̃EA(φ, ψ) + SL(φ) + . . .

φ

S =

∫
d2x

{
1

g2

[
∂+ψ∂−(ψ − φ)− ∂+X i∂−X i

]

+
β

2g2e
2ψ−φ

[
(∂+ψ)2 + (∂+X i)2]

}
+ SL(φ) + . . .

Possible action:

 If it exists ... 

The resulting theory will be UV complete, contain gravity 
and possess unusual properties: a-causality ? non-locality ?
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holidays at      Centauri  

ψ

αAt stake: 


