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Motivation

Special type of symmetries in modern theoretical physics

Simplest context : electromagnetism with electric and magnetic sources

Application to thermodynamics of black holes dyons

New formalism making EM duality manifest
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First law for Reissner-Nordstrem BH

RN dyon ds* = —NZ%dt*’+ N' 2dr?+ r?(d'? +sin?1d"?),
2 4 2
N = \/1— — Q 2P ,
.
A = ——dt+ P(1 —cos!)d",
T

infer thermodynamics for parameter variations from purely electric case using duality

M = 1 A+$51Q + %! P

| = M?! (Q*+ P?), rp= M=+ |

| 2 2 " "
g2 T q=gr 2 P T
27“_2F ’ 2 ’
P
#H: 27 $H:_
T+ T+

Problem: excluded in action based derivations of |st law and Euclidean approaches because of
string singularity and absence of magnetic potential

Tuesday 19 May 2009



No sources

equations of motion

field strength

invariance under

action principle

gauge invariance

dF' =0
d*F =0

1
F = §Fde“ A dx”

dF =0 = F =dA

S[A] = %/F' ‘R

!AA:d!, !AS:O

Foi = ! E
F;j = ;1B
detM Z 0
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No sources

Hamiltonian action principle SulALEl=  d'(—E'A; —H — A ,E")
canonical structure {A;(t,x),—E’(t,y)} = 6783 (x —y)
Hamiltonian density H = %(EiEi + B'B;) B' = €K o) Ay
solve Gauss constraint OF =0=! E'= (K 0 Zx
reduced action principle Sr[z:, AT]= /d‘lx(—eijk 0, Z A —H)
invariant under duality rotations { !ID é ~ leq , 'pSr =

-D 41 — T4

Deser & Teitelboim Phys. Rev.D 13 (1976) 1592
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No sources

A.
doublet notation A? — (Zl>
|
atr — _1J a — Bz
- ejkajAk - (Ez>
op Aia = GabAF
a; _ L 4 | paim 4b_w gb ai b
manifestly invariant action Sss|Ap] = 5 d x lap BT ("o Ay — "1 Ag) — #ap B B
A spurious

Schwarz & Sen Nucl. Phys. B411 (1994) 35
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Point-particle sources

duality requires both electric and magnetic sources

magnetic pole ¢, = (gn,0) electron ¢ = (0, en) dyon 0y, = (9n, €n)

current jH(x) = Z o / D (x — z,)dzh

n "n
pole at origin j b (x) = g5 (x) B = ﬁm_g
mwr
y
g q r(r! z)
singular potential A= _E(COSH + 1)dy A=l )
0
g R(R! z)
regularize A; 1 AL = o ! W
0 f
{
R=r2+ ¢ X T 7
N I\/
\\\ \t, //"1 \\lis
i . VA .
magnetic field: semi-infinite solenoid DR //k\x [~
7| N/
!
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Dirac strings

add dynamical string % %

G“V g/ |(4) XI yu " dyV

1Y =Ty y*(1,0), y*(7,0) = 2 (7)
\ Fig. 176 property dGs="Goz="]um
modified field strength FP = dA+ ' Gy dF"® = *jy

1
SPAL@) y (1,0), 2D = 5 FPAFP+e A

Me !dzé”dze!m/ | dzt dz
/!e\/ % M!M\/ M Y=uM

action principle

Dirac veto: electron cannot touch string

o o eg= 27N
quantization condition Dirac Phys. Rev. 74 (1948) 817
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Remarks on Dirac strings

(i) asymmetric treatment of both types of sources, manifest Poincare invariance but no duality

(i) non trivial U(1) fiber bundles, no strings

Wu & Yang Phys. Rev. D12 (1975) 3845, D14 (1976)437

(iii) Dirac strings related to de Rham currents and Poincaré duality

De Rham,Variétés difféerentiables, Hermann, 1960
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Duality

“complicated” proof of duality between electric and magnetic BH

partition function through semi-classical evaluation of Euclidean path integral

Z (I : P ) Vs A ( 8,0 H) Hawking & Ross Phys. Rev. D52 (1995) 5685

additional Legendre transformation needed to compare
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Extended formulation in flat space

New construction dynamical longitudinal fields and non spurious scalar potentials
At (A, Zy) C?=(C,Y) Bel (B,E) BY= V x A%+ VC*
external sources Oug™ =0
action principle  I[A,, C°1 = In[A}, CF)+ I1[A}; 57, | [[AS; )] = /d4x LA L] .
Iv[AS, C" = % d*x V(B2 + 1 C%) - (# A" T A5 " B*. Baw,

—

@, V.-B2=vVC?=j0% (0% V0, =1,4(Vath A" — V2AY)
Maxwell’s equations

A% epOoBY+ " # By = eapg’.

no strings, duality manifest G.B. & Gomberoff Phys. Rev. D78 (2008) 025025
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Extended formulation in flat space

fixed point particle dyon at origin  7“"(x) = Ar Q™65 6°(x)

ab a
ooy Sy oy &

Coulomb-type solution A
T T

resolution of string singularity

gauge invariance 0cA), = 0y, 0.C* = C

magnetic charge is surface integral, no longer a topologically charge

canonical pairs (AT 1% ZT), (AL 1Yy (B2t o)

gauge fixing the magnetic Gauss constraint gives back standard EM

Tuesday 19 May 2009



Extended formulation with dynamical dyons

dynamical point particle dyons need strings for Lorentz force law

G =2 1O =yt Vi(onm), (0.7) = ()
. 1 i~a, b at . b #
total action v+ 1+ 1e+ 5 dXGab 20iC P — 3%l + B0
! " 7 7 1 . . .
IJ — p‘ a — a k alr — 1"y a
lelzp] =1 n M ! dzh dzyy, [ =Ga o af = Seigr G | ai = “ijkgt g
variation with respect to Z/ﬂf gives Lorentz force law

veto: string attached to dyon n cannot cross any other dyon

leads to standard quantization condition for dyons €arqq. = 27N!
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Extended formulation in curved space

need to generalize first order ADM formulation of Einstein-Maxwell

no non singular longitudinal magnetic field Blypas = €770 Ay
curved space Bai — 'ij"jA% + \/gu 'iCa
| 1 | |
matter action Im[A5, C% gij, N, N°| = ar d'r (B + \/g""C)#(" oA — " AD)
' N . o
—\75’;8? — eapeijk N'B¥ B
g

total action I[z,u] =  d*x[aa(2)002™ ! u' %]

. . ! £ g0

kinetic term an (2)0p2" = 16—7_‘_(909” — anAi + 0 Z;

Lagrange multipliers and constraints u® = (N, N', Ag) o = (Hi , Hi, Ga)

- 1 ADM mat _ 1 ADM mat - 1 n bi
H, = H(HJ_ + H'), H; = ﬁ(Hz + H,"), G, = Iab#iB
gauge parameters e = (& .65\ smeared constraints I = /dSX "ol
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Extended formulation in curved space

first class gauge algebra {I'l'a], T2} = T['a, t2]] {H[E], HInl} = HI[E nlso ]+ GIIE, nls

e, Bei

g(ﬁ“'ni)

surface deformation algebra | o -
& nlsp = 97(& O —m 0;8 ) +&70m" = 0;¢

diffeomorphisms & =Nn° & =g;.n" Lyguw = 0¢gum
sources Tapy + 1y + 1
a 1 4 -b i,va b at b
I;[AL,C% y'] = yy d*xeqy | A “+\/_8004——6a——5 eH
T

BaTi — Eijk aj %fz\

|-1 correspondence of solutions to those of covariant equations

a a 1 1
ds* = | N?dt* + N' 2dr® + r*(d0* + sin® 0d¢?), AY = —e ”Qb(F — :)dt
resolved RN dyon M O+ P? g
N =4/1! + 5 , c* = -—Q¢ - _
4 IS

Tuesday 19 May 2009



| st law of black hole mechanics

(" o#)

surface integrals 07 (’yaea) — §A A 0, /{IE Regge & Teitelboim Ann. Phys. 88 (1974) 286
solution of constraints z solution of linearized constraints !z%
time independent solution  25,us  !9z2 =0
da (v u' . : i
(Sz—iaoZA — Ooan = (g!zA ) implies diky [z8,0z81=0
3 A A 3 A s, A
Stokes theorem d°x; ki, 25, 0z ] = d°x; k. |z, 0z ],
Sy S
standard gravitational part AN Al i 1 I R B LU A Tl Pl B
k!grav,l — ﬁ |:G|Jk| (llJ_vk#gll . $k"J_#g|J ) + 2 "k#! ki + (2 llk! o wl ! ]k )#gjk :| :
G|jk| — 5\/§(g|kg“ + g|l g]k _Zglj gkl)
A LT Lo o
new matter part K=o \/g#m Bij$Aar =" BYSCq + #,p ("B — " BY)SA]
includes electric and magnetic contributions —eab/99 " €11/ B IC" + €4y (1,/GO"A*0C — X*6BY)
dn! 1X' kmat,i — _i | d" . d# $abAa0/BbLi
for RN dyon r o 4 Jo 0 "
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| st law of black hole mechanics

first law

at infinity

at horizon

d*x; ki [z,6z] = 7{ d*x; ki [z, 2]
g!

dBx; ki [z,0z] = 6, M — ¢p56,Q — V6, P
Soo

dr— 1 kgravz = " §5.A
%g 87r5

T+
geometric derivation of first law for RN for arbitrary perturbations

I = | I Ofy /|
zM 8#2A+$H2Q+ /QT-IZP
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Black hole thermodynamics

Euclidean approach in the grand canonical ensemble

improved constraints for suitable fall-off conditions contain surface terms

H = /d3:z;(HLN+ H,NY) + M Q= —%/d?’x (GiAo) + Q, P = —%/d?’x (G2Z0) +P

three commuting observables {H,Q} =0={H,P} ={Q,P}
partition function Z(8, 6%, 4°] = Tre' BH! 6°Q1 v°P) _ ol a
Massieu function ! 6 (8, —B¢", —BY°)
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Black hole thermodynamics

path integral ZV " #] = /D! ele

B
Euclidean action I = / d! (i/d‘gaz aa(2) 0z — (H —#°Q — $CP)) + ghost terms
0

mat = " |
leading contribution: action evaluated at [(RND) =2 nQ+ 1% 1P

Euclidean Reissner-Nordstrom dyon

1
I (RND) = =1 M + A
1
total result l ¢ =—0M + ZA + BouQ + BYu P
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construction of an explicitly duality invariant version of electromagnetism

enhanced gauge invariance

static dyon described by Coulomb fields without string singularities

electric and magnetic charges are surface integrals

applications in the context of thermodynamics of BH dyons
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Reduced phase space duality

first order formulation

Hamiltonian

constraints

decomposition

conjugate pairs

solving constraints
+ gauge fixing

reduced phase space

mn

mn

Sp e, ! ™ T, 1) = /dt[/d% (1 i — 1" Hop — M) — Hprp|

HpF[hmn,! mn]:/dSX(! AL . —%! 2+inrhmn "hmn —
5 m M gy T By T ),

H,,="! 20"m,, HL=Ah! 00" hpmn.

= !-rll-”l-lr;+!-|r;1n+!h”ln7 me _ A!1<8n¢mn! %AI 1amakal¢kl)’
— n # + n # : l |

1m n nimm w'r _ A,1(¢! Al 1aman¢mn),

- §($nn! ! "m"n)#T-

hon (), 131 (V) o hen 5O, 1Y) o hy (00, 15 (Y)
Hn=0=H «— 8 =0=n_
L, =014

1
HE = /d% (tpptTn+ S h TR ).

introduce potentials to make reduced phase

space manifestly duality invariant

Henneaux & Teitelboim Phys. Rev. D71 (2005) 024018
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Extended gauge invariance

extended gauge invariance to couple to both electric and magnetic
sources

# dof =2 #fcc=8 #cp =10

2% (#cp) = 2 % (# dof) + 2 * (# fcc)

degree of freedom count

. A a a a
phase space variables 2% = (Hpm, A C°).

change of variables G = (Nmn,hie) 127 = (1", 1™)

1
hl’ann — empq apHaqn + Enpq apHaqm + 8mAﬁ + 8nA?n + é(&mn A — amﬁn)oa

a _ _' a
Tom = —0 H_ .

5

| ; v 1 .
Hpn' (2), ! 2A OHFr " (y) , C'(z),! EA(AH-?! Lol gH™) (1)
|

AL (2), 2A1 HZ™ (1)

bracket 1
rackets (42 (), =20 8 HI™ (), (C* (), % ( HE = 0,00H7°) (1) ).

1
(B (), 7 (y)} = (3584 + 05,00 (2, )

Hom = | 2eaba”7rf;m = 2¢,, AO" H?

mn?

abelian gauge structure )
Hot = Ahg! OmOph™ = A2C0,.
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Duality + sources

first order action Selz*,u']= d'*(aa[z]Z*! U v [z])!  dtH[z],
1 1
duality invariant Hamiltonian H= /d?’ﬂﬁ (AH%n AHZ" ! SAH®AHa + gACaAQCa)
i ing th s/ = [dtwina, v 1,10 =0
interacting theory = v ShTe | TH =
hg,,, =N, =hy ., hgo =! 2n°,
» 1
Srlzd v ;T ] = TGl GSG + 57

TH () = 0404 M6 (1), My, =(M,N).
linearized Taub-NUT
Hoy =! 16! GM,"®) (2).

1 12,
"= GM"(2r), n" = GM"(=3), A, = GM*(—5=2), n"™ = H},, =0,
r r

2T, T,

hoy .. = GM(

3 ), w."=0.

singularity resolved by additional pure gauge degrees of freedom
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Surface charges + global symmetries

Regge-Teitelboim

’Yaga _ (8m€an _|_an€am )Eabﬁrem 4+ (5mn A_amﬁn)ga! Ramn —&EL[Z]

Elz [Z] — zg%eabﬂ_bmi | ga! (5mnaz | 5mzan)hamn + hamn((smnaz | 5nzam)£a'

amgan + angam =0= aogam | amga! o
s s s s W a =1 ,0 Y 4+ a2,
(G AL GrOMEY =0= Geet e = ™ S

electric and magnetic ADM type 0.. [z:] = 1 j{ o K [z] = lwﬁ ILY — a2py
conserved surface charges 167G Js ; 2
dyon P = M,

| copy of global Poincare
transformations acting

T (x") = AF oAV gT 0 (x)
(@)= AN g (2) = ! (Awad 13! + (Awad” Tb+ Aag)'

Qsls [Z;] = Qclzs].

GB & Troessaert JHEP 01 (2009) 30
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Duality generator as Chern-Simons term

what about global symmetries ?

_ _ X | _
spin | reduced phase space SHAT“l = dt  d §€ab(OATa)zaOAZTb! Hi,
description % ! |
Hi = d*x (OAT),(OAT) =1 5 dBPx AT AT
(OA)Z = EijkajAk
curl d3X gl(Of )Z = d3X (Og)zf i,
(OZf T)'i — 1| fTi
reduced phase space Poisson brackets {AT(2), ATV (y)}y = roby ! Dk gl ©) (g gy = yaby P2 ovgl O (g
vacuum Maxwell’s equations LgAT® (z) = {AT"(2), H }1 = "(OAL) (x),
: 1 .
duality generator Ho = -3 d*x A2 (OAL)i,  {Ho, Hi}1=0.

SO(2) Chern-Simons term

Deser Henneaux Teitelboim Phys Rev D55 (1997) 826
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Bi-Hamiltonian systems

new simplified Poisson bracket {AT3(x),A[P(y)}o = 1279 (x —y),
duality generator as 2nd Hamiltonian [AT%(2), Hi}1 = {AT*(x), Ho}o
recursion operator R b = —65(0),
hierarchy Ky« =(=)P1°(0PAY)" gpAT (x) = K T%(x)

{ATM(X), Hpy}i = {ATai(X), Hy—1}o
Hp 1= %- >z A2 (OPAT);

infinity of Hamiltonians in involution {Hn,Hnp1=0= {Hp, Hn}lo, !'n,m! 0.

generalizes directly to reduced phase space
description of massless HS fields

GB & Troessaert Phys Rev D55 (1997) 826
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Talk based on

G.!Barnich and A.!Gomberoff.
Dyons with potentials: Duality and black hole thermodynamics.

Phys. Rev. D, 78:025025, 2008.

G.IBarnich and C.!Troessaert.
Manifest spin 2 duality with electric and magnetic sources.

JHEP, 01:030, 2009.

G.!Barnich and C.!Troessaert.
Duality and integrability: Electromagnetism, linearized gravity,
and massless higher spin gauge belds as bi-Hamiltonian systems.

J. Math. Phys., 50:042301, 2009.
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